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Abstract

By substantial changes and corrections in Demushkin’s old paper the essentially final positive
answer to the isomorphism problem for monoid rings of submonoids of Z" is obtained. This
means that the underlying monoid is shown to be determined (up to isomorphism) by the
corresponding monoid ring. Thereafter the positive answer to the analogous question for the
‘dual’ objects — descrete Hodge algebras — is derived. (©) 1998 Elsevier Science B.V. All rights
reserved.

AMS Classification: 14M25; 13F20; 20M25

1. Introduction

The isomorphism problem for monoid rings asks whether two monoids are isomor-
phic if they have isomorphic monoid rings (with coefficients in some ring). Here we
are concerned with the case of commutative monoids and commutative rings.

This paper contains an essentially final positive solution of the isomorphism prob-
lem for finitely generated, commutative, cancellative and torsion free monoids (Theo-
rem 2.1). But some remarks are in order.

The problem is mentioned in the very last section of Gilmer’s book [11]. For
a decade there was no work on this problem, and it is only recently that papers
related to the isomorphism problem have appeared, such as [12, 13] (related mostly to
the non-commutative case) and [18] (where we give a positive answer in the special
case of finitely generated submonoids of Z2). All the authors mentioned above have
remarked that there is no previous study of the isomorphism problem dated before [11].
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It turns out, however, that as early as 1982 Demushkin claimed the positive answer to
the isomorphism problem for all finitely generated normal monoids without non-trivial
units (for definitions see Section 2).

The proof as presented in 9] contains several ‘spurious arguments’ (Math. Rev.
84f : 14036). However, it is our goal in the present paper to show that all these spurious
arguments can be changed by the correct ones, restoring the proof (applicable to the
general case of not necessarily normal monoids).

I have reorganized the material in such a way that general (not necessarily normal)
monoids could be involved. The proof is carried out in ‘pure commutative algebraic’
terms and only the basic background is required for reading it (except, maybe, Borel’s
theorem on maximal tori in linear algebraic groups). For the origin of our “toric”
terminology the reader is referred to [7, 10, 20].

In Section 3 an application to the ‘isomorphism problem for discrete Hodge alge-
bras’ is presented (that for two isomorphic discrete Hodge algebras the corresponding
defining monomial ideals are shown to be the same modulo a suitable bijective corre-
spondence of the variables of reference).

Below N={1,2,...}, Z={0,£1,%2,...}, and # refers to the number of elements
in the corresponding set.

I would like to thank N.V. Trung for bringing to my attention [9] and B. Totaro for
pointing out the role of Proposition 2.16 in circumventing one of the essential gaps
in [9] (not mentioned in Math. Rev. 84f:14036 however). Other essential changes
include Step 3 and Step 7 in [9] (Steps 1 and 3 in this paper respectively), and our
use of GL(u/u?) instead of GL(u/u?). (See also Comments 2.17.)

This paper was written during my stay at the University of Chicago, Fall 1995.
I would like to take this opportunity thank Richard G. Swan for my invitation, and
for his strong support during the years. (He also noticed one more hidden gap in
Demushkin’s arguments that led us to the aforementioned use of the groups GL(u/u%)
with d large.)

2. The isomorphism problem

All the considered monoids are assumed to be commutative, cancellative and torsion
free, that is, the natural monoid homomorphisms

M—-KM)-QeKWM)

are assumed to be injective, where K(M) denotes the group of quotients of a monoid
M and Q is the additive group of rational numbers.

For a monoid M its biggest subgroup, the group of units, is denoted by U(M).
If U(M) is trivial, then for any ring R the monoid ring R[M] carries naturally an
augmented R-algebra structure. Namely, we consider the augmentation R[M] — R under
which all nontrivial elements of M map to 0 €R.
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Recall that a monoid M is called normal if (writing additively) ce N, x € K(M),
cx € M imply x € M. 1t is well known that M is normal iff for any (equivalently, some)
field & the monoid domain k[M] is integrally closed [11, Corollary 12.6].

Theorem 2.1. Let M and N be two finitely generated monoids and R a ring. Assume
R[M1=R[N] as R-algebras. Then
() M=N if UM) and U(N) are trivial and R[M]=R[N] as augmented R-
algebras,
(b) M=~N if M is normal,
(¢c) M =N if M is homogeneous.

(Homogeneous monoids are defined in Step V — Substep 2 below; they include
polytopal semigroups from [4].)

We need some preparatory work.

Step 1. As mentioned above, for a monoid M we have the natural embeddings

M—-KM)-QRKM)~ & Q— &R,

where R refers to the real numbers. The cardinal number r is called the rank of M and
it is denoted by rank(M). We shall always assume rank(M) < oo. Thus our monoids
can be thought of as additive submonoids of finite-dimensional rational vector spaces.

For a monoid M we let C(M) denote the convex cone (in the corresponding real
vector space) spanned by M and with vertex at the origin O € &, R.

Lemma 2.2. Let M be a monoid with trivial U(M). Then the following conditions
are equivalent:
(a) K(M) is finitely generated and C(M) is a finite rational convex polyhedral
cone,
(b) M is finitely generated.

Proof (sketch). (b)=>(a) is obvious. For (a) = (b) we decompose C(M) into rational
simplicial cones and use the special case of the implication (a) = (b) when C(M) is
simplicial (the latter proved by rather straightforward arguments). O

The implication (a) = (b) is known as Gordan’s Lemma. We remark that the special
case when M is normal is considerably easier [7, Section 8].

Let M be a finitely generated monoid with U(M) triviai and et C(Af) be as above.
We denote by &(M) the transversal section of the cone C(M) by any suitable hy-
perplane in the real vector space of reference. ®(M) is a finite convex polyhedron
determined up to projective equivalence [14-16]. In this situation for any nontrivial
element x € M we let @(x) denote the point of intersection of @(M) with the radial
ray determined by x (clearly, everything is determined up to projective transformation).
We have dim(®(M)) =rank(M) — 1.
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For a monoid M and its element x we denote by x~'M the localization of M with
respect to x, i.e., x“'M is the smallest submonoid of K(M) containing M and —x
(writing additively). Thus,

x M ={y+cx|yeEMceZ} CKM).

Lemma 2.3. Let M be a finitely generated normal monoid with U(M) trivial and let
xEM, x#0. Assume P(x) is a vertex of D(M). Then

xIM~ZxM

for some finitely generated normal monoid M' with U(M") trivial, furthermore, ®(M")
is a (dim®(M) — 1)-dimensional polyhedron obtained by some transversal section of
the cone with vertex ®(x) spanned by ®(M).

Proof. See [14, Theorem 1.8] and the proof of Proposition 2.6 in [17]. O

Let M be a finitely generated monoid with U(M) trivial. Assume W C ®(M) is
a convex subset. Then we put M(W)={xeM |x#0,P(x)e W} U{0}. M(W) is a sub-
monoid of M. In case W is a rational convex subpolyhedron of @(M) (i.e., the vertices
of W are of the type ®(x) for some x € M), the submonoid M(W) C M is finitely gen-
erated. This follows from Lemma 2.2.

We recall that a pyramid is a finite convex polyhedron A which is a convex hull
of a point v and some convex polyhedron P of dimension dim(4) — 1 (equivalently,
v does not belong to the affine hull of P in the ambient real vector space). In this
situation v is called a vertex of 4 and P is called the base of 4 opposite to v.

Let M be a monoid and x € M. We shall say that x splits M if there exists a sub-
monoid N C M such that the homomorphism

Z+ XN—)M,

defined by (c,y)—cx + y, is an isomorphism (Z, denotes the additive monoid of
nonnegative integers).

If x splits M, then for any ring R the monoid ring R[M] is naturally R-isomorphic to
the polynomial ring R[N][X] (N as above). In other words x is a variable for R[M].

Observe that if x splits a monoid M, the aforementioned submonoid N CM is
uniquely determined (notwithstanding whether U(M) is trivial or not). Indeed, N is
precisely the set of those elements m € M such that m — x is not in M.

For x and N as above, N will be called a complementary monoid of x.

Lemma 2.4. Let k be a field and M be a finitely generated monoid with U(M) trivial.
Assume z € M\{0} and ®(M) is a pyramid so that $(z) is its vertex. Let B denote
the base of ®(M) opposite to ®(z). Then the following assertions are equivalent:

(a) +/zk[M] Ck[M] is a principal ideal,
(b) there is an element x € M\{0} splitting M for which M(B) is a complementary
monoid and ®(x)= &(z).
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Proof. (a)= (b). Since z € /zk[M], standard arguments with Newton polyhedra show
that

v zk[M]=xk[M]

for some x € M\{1} (here the monoid operation is written multiplicatively as we always
do when the monoid of reference is considered in the corresponding monoid ring).
Since @(z) is a vertex of @(M), by easy geometric arguments we see that

Vzk[M1= Ker(k[M]1 5 k[M(B)]),

where © is the k-algebra retraction determined by n(y)=y for y € M(B) and n(y)=0
for y € M\M(B).
Therefore, any element y € M\M(B) admits a representation of the type
y=xy
for some y, e M. If y; e M\M(B) we find y, € M such that

Y1=xy,

and so on. Hence we obtain a strictly increasing sequence of principal ideals

Mcch)c:--

which must stop since k[M] is Noetherian. This implies that A is generated (as

a monoid) by x and M(B). Now the vector x does not belong to the real vector

space R® K(M(B)) (both sitting in the real space R® K(M)). This shows (b)
(b)=(a). We leave this to the reader as an easy exercise. [

Lemma 2.5. Let k be a field and M be a finitely generated normal monoid with
U(M) trivial Assume (M) is a pyramid with vertex ®(z) for some non-unit (in
multiplicative terminology) z € M. Assume further that the natural homomorphism
of divisor class groups CI(k[M])— CI(k[M].) is an isomorphism. Then M is split
by some non-unit x e M for which &(x)= ®&(z). Moreover, the element x is defined
uniquely.

Proof. By Lemma 2.4 everything is reduced to showing that

/Zk[M] C k[M]

is a principal ideal (the uniqueness of x is clear).
As mentioned in the proof of Lemma 2.4,

Vzk[M]= Ker(k[M] > k[M(B)])

(notation as in the mentioned proof). In particular, 1/zk[M] is a height 1 prime ideal of
k[M] and, hence, defines an element of CI(k[M]). The claim above amounts to showing
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that this is the zero-element of CI(k[M]). Since the mentioned element trivializes in
Cl(k[M1],), it must already be trivial before localization. [

For a finite convex polyhedron P and its vertex v, we say that a facet F CP (i.e.,
a face of dimension dim(P) — 1) is visible from v if v F. We let #v° denote the
number of facets of P that are visible from v. Clearly, #1° =1 if and only if P is
a pyramid for which v is a vertex.

F(P) will refer to the set of all facets of P.

Lemma 2.6. Let k be a field and M be a finitely generated normal monoid with
U(M) trivial. Then
(a) the natural map

Cl(k[M]) — CI(k[M],.)

is an isomorphism, where p Ck[M] is the ideal of augmentation of k[M],
(b) rank(CIl(k[M]))=#F(®(M)) — rank(M).

Proof. For (a) see the proof of Corollary 2 in [6] (see also [1, p. 475] and [21,
p. 26]). (b) follows from Theorems 16.7 and 16.9 in [11] (for the direct geometrical
proof see [16, Part 2]). O

Lemma 2.7. Let k be a field and M and N be two finitely generated normal monoids
with UM ) and U(N) trivial. Assume [ . k[M]— k[N] is an isomorphism of k-algebras
and p is the augmentation ideal of k[M). Then N\ f(un) is a free submonoid of N,
each basic element of which splits N.

Proof. Let vy,...,v, denote the vertices of @(N). By the finite generation and the
normality of N, each of the submonoids

N({U]}),...,N({U,,}) CN

is isomorphic to Z.. We denote the corresponding generators by x;,...,x,, respec-
tively. O

Claim 1. If x; € f(u), then x; splits N.

Proof. Assume x; & f(u). First we show that #1? = 1. Suppose #1{ > 1. We have the
commutative diagram

M) —L

kIN]

N\

) KN,

kM), —— kN1,
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So by Lemma 2.6(a) we get
Cl(k[N]) — CI(k[N]x,)
is an isomorphism. On the other hand, by Lemma 2.3
KN, = kIN']X*],

where X is a variable and N’ is a finitely generated normal monoid with U(N’) trivial.
Moreover, by the same lemma and by the assumption #uv) > 1, we get

#E(P(N')) <HF(P(N)) — 2.
We have
CUKINT,,) = CIKIN'[X*']) = CI(K[N'])
(for the standard facts on CI see [2, Chap. VII]), which by Lemma 2.6 (b) implies
#F(O(N)) — rank(N) = rank(CI(k[N])) = rank(CI(k[N'1))
=#F(P(N")) — rank(N') <H#F(S(N)) — rank(N ) — 1

(recall that rank(N'y=rank(N) — 1). This contradiction shows #v?=1. Therefore,
®(N) is a pyramid for which v; is a vertex.
Now the same diagram (x) and Lemma 2.5 completes the proof of the claim. [

It follows immediately from the above claim that we will be done when we show
the next

Claim 2. Let x;,,...,x;, be those x; which do not belong to f(p). Then N\ f(u) is
the submonoid of N generated by {x;,...,x; }.

Proof. First of all f(u) is a maximal ideal of k[N]. It follows that the submonoid of
N generated by {x;,...,x;} is contained in N\ f(u). We denote this submomoid by
[x,'l RN ,xik].

Now observe that for any element y € N there exists ¢ € N such that y° belongs to
the submonoid of N generated by {x,,...,x,}, which we denote by [xi,...,x,]. It is
clear from the previous claim that

yc S [-xip“-,-xik] =Yy S [.xl'l,...,xik].
Assume y €& [x;,...,x;]. Then by the remarks above there exists ¢ € N for which

Yoelxn, ..o, xa\[Xips x5 1.
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Therefore, »° is divisible by an element from {x;,...,x,}\{x;,...,%; }. Then y° € f(u).
Hence y € f(u). That means

N\f(w)=[x,....,x;]. O

Lemma 2.8. Let k be a field and M and N be two finitely generated normal monoids
with U(M) and U(N) trivial. If k[M] and k[N] are isomorphic as k-algebras, then
they are isomorphic as augmented k algebras.

Proof. Let u denote the augmentation ideal of k[M] (that corresponds to the monoid
M). Assume

f:k[M]— k[N]

is a k-algebra isomorphism. By Lemma 2.7 there exists a submonoid Ny CN and
elements xj,...,x; € N\{1} which are transcendental over k[Ny] such that

k[N1=k[No][x1,.-.,xt]
and

No\{1} C f(w).

Let aj,...,a; €k denote the constant terms of the elements f~'(x;),..., f~1(x) €
k[M], respectively (i.e., a; is the image of f~'(x;) under the augmentation map
k[M]— k). Denote by g the k[Ny]-automorphism of £[N] defined by

g(x;)=x; —a;, i€[l,k]

Then the constant terms of the elements f~'g(x)),..., f'g(xs) € k[M] are all zero,
in other words, f~'g:k[N]— k[M] is an augmented isomorphism of k-algebras. [

Step 1I: Let k be a field. An algebraic torus of dimension » € N is an algebraic
group isomorphic to T, = U(k)", where U(k) is the multiplicative group of k. Assume
A is an affine k-algebra. It will be identified with its natural image in S~'4 for any
multiplicative subset S C A\ {0} (by an affine algebra we mean a finitely generated
k-algebra which is a domain).

An embedded torus (in Spec(A), or for A) is a pair t=(S,a) where § C4\{0} is a
multiplicative subset and a={ay,...,a,} CS~'4 is an algebraically independent subset
over k for which the following conditions are satisfied:

(@) S~'4=k[at,...,aF"],

(b) A4 is generated as a k-algebra by a certain finite system of Laurent monomials

in aq;.
(Unless the contrary is stated explicitly, we always mean ‘pure’ monomials, i.e., those
with scalar factor 1.)
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Assume Xi,...,X, are variables. The condition (b) above means that 4 is an isomor-
phic image of some monomial subalgebra of the Laurent polynomial ring k[Xlil,...,
X*!'1 under the map

kXE, . XE -S54

determined by X; — a;.
Observe that we do not require normality of 4. Observe also that » = dim(4).
Later on M(a) will refer to the multiplicative submonoid of 4 which consists of all
those elements that are (Laurent) monomials in @;. Thus,

A=k[M(a)]

in the sense that M(a) spans A as k-algebra. Simultaneously, A can be thought of as
the monoid k-algebra corresponding to the monoid M(a) (this justifies our notation).

Clearly, the two conditions U(4)= U(k) and U(M(a))=1 coincide.

Given a k-algebra A, G, will denote the group of all k-algebra automorphisms
of A.

Let 1, =(S1,4) and 1, =(S2,I_)) be two embedded tori in Spec(4). Assume g € Gy4.
We shall write g*t; =1, if g can be extended to a k-algebra isomorphism between
S;'4 and S;'4:

Any embedded torus t=(S,a) defines an embedding
—l]—r i GA

in a natural way. Namely, we let T, act on 4 as follows. Any element ¢ =(&4,..., &) €
T, defines a k-automorphism of S~'4 by putting

ai— Ga;, €[]
This gives rise to the embedding
Tr — GS_IA

and each of these automorphisms restricts to a k-automorphism of 4. Hence, the homo-
morphism of groups

—I]—, -—)GA.
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Finally, this homomorphism is injective because any automorphism of 4 can be lifted
to one at most automorphism of S~!4.
Later on we denote by 7* the image of the corresponding embedding

-ﬂ‘r—>GA.

Lemma 2.9. Let 1=(S,a) be an embedded torus for some affine k-algebra A (k a
field). Then t* consists precisely of those k-automorphisms of A which act on elements
of M(a) by multiplication on scalars, i.e., g€ if and only if

xEM(@) = g(x)=sxx

for some s, € U(k).
Proof. Trivial. O

Lemma 2.10. Let k be an infinite field. Assume A is an affine k-algebra, 1, =(S1,a)
and 1, =(S,,b) are two embedded tori for A and g€ G4. Then the following three
conditions are equivalent:

(@) g'u =12,

(b) g7'1ig =75 (in Ga),

(c) M(a)=M(b) (as monoids).

Proof. (a)=-(b). Assume g*t, =1,. We shall use the same letter g for the extension
of g to the localization S5 4. Therefore, we have the commutative diagram:

g

A > A4
| §
54 54
£l ” £1 g 1 H +1
Kb ,.... 5] Ka; ,....a7],

where Bz{bl,...,b,} and a={ay,...,a,}. Since any isomorphism between Laurent
polynomial algebras must map monomials to monomials (in general not to ‘pure’ ones),
just because monomials are the only units in these algebras, the diagram above and
Lemma 2.9 immediately imply

g '&gen

-1 —1

for any £* €1}. Hence g~ 'tjg C73. The inclusion 15 Cg~'1g is equivalent to the
inclusion gt3g~' C 1}, and the latter follows from the arguments above applied to the
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commutative diagram:

-1
A= g 4
| §
S, 4 574
Kb ..., 6" —2— Ha®,...a"].

(b)=>(a). Assume g~ !t}g=1;. First let us show that g transforms monomials into
monomials (of the general type), i.e., for any element x € M(b) its image g(x) is of
the type sy for some s € U(k) and y € M(a).

Assume to the contrary that there is an element x € M(b) such that in the canonical
k-linear expansion of g(x) with respect to elements of M(a) there occur two distinct
elements yi, y, € M(a). Since the field £ is infinite one easily concludes that there
exists £* € 7f such that

EOn)=sin

and

E(y)=s23

for some distinct elements s; and s, of U(k). Therefore, there does not exist s € U(k)
for which

& (g(x))=sg(x), x€M(a),
or equivalently, there does not exist s € U(k) for which

(7' gx)=sx, x€M(A).

—1 %

But this contradicts the assumption g~ '7}g =15 because of Lemma 2.9.

Having established the claim on monomial-to-monomial transformations, there only
remains to notice that the unique extension of g to S; '4 has its image in S;'4, that
iS, g*‘L'l =13.

(a) & (b) < (c). That M(a)~ M (b) is implied by (b) immediately follows from the
aforementioned ‘monomial-to-monomial’ nature of g. Conversely, if M(a@) ~M(b), then
any monoid isomorphism between M(a) and M(b) extends to a k-automorphism of 4
that fits in the square required for (a). O

Step 1II: Let k be a field, 4 an affine k-algebra and 7 =(S,a) its embedded torus. A
maximal ideal u. C A4 is cailed a stable point of t if U(M(a))=1 and y, is generated
by M(a@)\{1}. Thus u. (if it exists, i.e., if U(M(a))=1) is determined uniquely.
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Clearly,
Alp. =k

The finite generation of the ideal u. implies that of the k-linear space u./u¢ for any
natural number d >2. We let

GL(p/u?)

denote the group of automorphisms of this k-linear space. We also put

G ={9€Galg(p) = p}.

Gy,. is a subgroup of G4 and one has the natural group homomorphism
KD : Gy . — GL(ue/u?)

for any natural number d >2.
Put K9 = Ker (B\?).

Lemma 2.11. For any embedded torus ©= (S, a) having a stable point and any natural
number d >2, the following hold.

(a) ™ C GA,r,

b)) KN =1.

Later on we will denote by M ;(a) the set of those elements of M(a) which are
presentable as products of at most 4 — 1 non-unit elements from M(a).

Proof. The inclusion is trivial. In order to show the equality above, observe that the
space p./u? can be thought of as the k-linear span of M.4(a@). The latter in its order
can be thought of as the k-linear subspace of 4 generated by M. 4(a).

Now let &1,&; €t* for some &,& € T, If AD(&) =HD(&), then & and & act
identically on M 4(a). In particular, they act identically on the subset M.2(@) C M4
(@) which is nothing else but the minimal generating set (always uniquely determined)
of M(a). But, as remarked earlier — just before Lemma 2.9 — we then have & = &3,
that means K,(d) Nt*=1. O

Observe that GL(u./u?) and KD depend only on the stable point y, and the natural
number d. Gy, in its order depends on u. only. Thus, if two embedded tori 7, and 1
have the same stable point, then they define the same homomorphism hr'f) =h$f) for
any natural number d.

For simplicity of notation, we put

D (1) =KD ().

Lemma 2.12. Let k be a field of infinite transcedence degree over its prime subfield.
Assume A is an affine k-algebra and ©\ = (S1,a) and 12 =(S2, b) are two embedded tori
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in Spec(A4) which have the same stable point, say p. Assume further d >2 is a natural
number. If K®(11) =h9)(1;), then t} and t5 are conjugate in G4. Moreover, for all
sufficiently large d, depending only on 11, the equality K¥)(1\) = h9)(1,) implies that
1} and 15 are conjugate in G4 by an element from Kf(f) =Kr(f )).

Proof. As mentioned above the subsets M.2(d) C M .4(a) and M_,(b)C M <d(l-7) can
be thought of as the minimal generating sets of the monoids M(a) and M (b) and as
bases of the k-linear space p/u? simultaneously. In particular, we see that M(a) and
M(b) have the save number of minimal (i.e., indecomposible) generators, say 7.
Assume

{xl, e ,x,,} =M<2(d)
and

{P1s-r yat =Ma(b). O
Claim 1. For each i € [1,n] there exist j € [1,n] and s € U(k) such that y; = sx; mod p°.

Proof. Both sets M_,(d) and M_4(b) constitute bases of the same k-linear space
u/u?. At the same time M_,(d) and M_,(b) constitute k-bases of u/y®. Thus for
each i€ [1,n] there exist j€[1,n] and s € U(k) such that sx; is a summand in the
k-linear expansion of y; modulo y? in the basis M ,(d@). But then sx; is a sum-
mand in the k-linear expansion of y; modulo p? in the basis M.4(a@) as well. Our
claim is exactly that there are no other summands. Assume to the contrary that there
exists x €M _4(a)\ {x;} which is involved in the aforementioned linear expansion.
We have

,
L — Dk
=]
k=1
and
B
_ %
x=]]4
k=1
for some distinct vectors

P:(p15-~-,pr)

and

‘I:(qla---,CIr)

in 7.
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For any {€ T, we let £* denote the image of £ in 7} and &** that in ¢5. For
E=(&,...,5) €T, we have

&)= (Hé,f*)x,-
k=1
and
&)= (HéZ")x
k=1
Since & is infinity, we easily see that there exists £ € T, such that
ITe #ITe
k=1 k=1
In this situation

E i)y € OA)\k,

where Q(A4) denotes the field of fractions of A.
On the other hand, by the conditions of the lemma there exists n € T, such that

&) =n"" ().
But by Lemma 2.9 we see that
1" (i) yie Uk),
a contradiction. Claim 1 has been proved. [
Applying Claim 1 to the other y;, we see that there is an enumeration of the x;’s
and y;’s for which
yi = cix;mod #d

for some c¢; € U(k). We fix such an enumeration.
Our condition 4@ (1)) = h'¥(1,) implies the following:
(1) For any £ €T, there exists n € T, such that

é*(xi)/xizn**(yi)/yh iE[l,n],

(the quotients are considered in Q(4)).

By Lemma 2.10, the first part of Lemma 2.12 is proved when it is shown that the
elements x; and y; are subject to the same relations in the monoids M(a) and M(b),
respectively.

Assume

.
xiznaf‘j, ie[l,n],
j=1
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and

H B, [1,n].

We put
Di :(pily"-apir)a
qi=(qila"'9qir)a iE[l,n].

Then M(@) and M(b) are isomorphic to the additive submonoids of Z” generated by
{p:}, and {g;}},, respectively. What we have to show is that there exists a (Q-auto-
morphism of the rational vector space ¥ : Q" — Q" such that Y(p;)=g; for i €[1,n].
Next we translate condition (1) above into terms of p; and g; as follows:
(2) For any é=(¢&y,...,&, ) €T, there exists n=(#1,...,7,) € T, such that P =y
for i €[1,n], where

r

ﬁp'—H P q’—Hn}I", ie(l,n]

J=1
Now the following claim completes the proof of the first part of our lemma.
Claim 2. Let p;=(pi,..., pin) and q;=(qi1,...,qin) be two arbitrary systems of

non-zero elements of 7" (i € [1,n]). If they satisfy condition (2) above, then there is
a Q-linear automorphism : Q" — Q" for which

Y(p:)=yY(q:)
for ie[1,n].

Proof. Without loss of generality, we may assume

{pir-- >, pr}CQ

is a Q-linear independent subset (observe that » <»n with r=n if and only if 4 is
a polynomial ring over k). Since k has infinite transcendence degree over its prime
subfield, we can pick an element

{=(ly...,8)eT,

such that {¢,,...,&,} is an algebraically independent system over the mentioned prime
subfield &y C £. In this situation the subset

{¢P,...,ePCUK)
will be transcendental over k; as well. By condition (2)

épi:r’lh, iE[l,n],
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for some n € T,. In particular,

{n",....n"}CUK)

is algebraically independent over ky. The latter is equivalent to the following pair of
conditions:
@) {m,...,n-} CU(k) is algebraically independent subset over k;, where 5=

(r’la' . -,rlr):
(b) {q1,...,9,} CQ" is a Q-linearly independent subset.

We need the condition (b) only. It implies that the bijective mapping

pPi—4qi ie[l9r]a

gives rise to a Q-linear automorphism, say ¥, of Q". Let us show that

Y(pi)=qi

for i €[1,n].
For each i €[1,n] there exist 4; € Q, j€[l,r], such that

,
qi = Z 2ijq;-
j=1
Equivalently,
ligi= Z lyq;, i€[l,n]
j=1
for some /;; € Z and I; € Z\{0}. It only remains to show that

liPi:Zliija iE[l,n].

Jj=1

But the latter equalities directly follow from the equalities
¢r=n%, i€ll,n]

and the fact that &,...,¢, are algebraically independent over ky. [J

We have completed the proof of the claim that 7] and 3 are conjugate in G4. Now
we show that the conjugating element can be chosen from Kf(fi) (sz(f )) if d is large
enough with respect to 7.

The proof of Lemma 2.9 and the arguments above show that x;+— y; extends to
a monoid isomorphism g:M(d)iM (b) while y;=cix;mod u? for some c; € U(k)
(i €[1,n]). We let the same letter g denote the corresponding isomorphism k[M ()} 3
k[M(b)]. It is clear that g induces the identity automorphism of u/u? if and only if

¢; =1 for all i. That is, geK,(f” if and only if ¢;=1 for all i.
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We write
g x;i— Yy = CiX; + m;

for some m; € u¢. Since the monoid M(a) is finitely generated, there is a finite system
of ‘basic’ relations between the x;, i.e., there is a finite system of pairs of monomials
in new variables z;, say

(Wi(z1,.-.zn), H(215...520)), JjEILJ]

for some J € N, such that all the relations between the x; are obtained (in the obvious
sense) from the ones

WXt %n) = VX1 s%n),  jE[LJL

(The equations are considered in M(@)C A; one just uses the fact that k[M(a)] is
Noetherian. )

For any element ¢ € k[M(a)] we let supp(¢) denote the set of the elements from
M (a) that are involved in the canonical k-linear expansion of ¢.

Claim 3. For any finite system of monomials {Ui(z1,...,2,)}; there exists a natural
number dy such that

l]j(xla A 7xll) S SuPP(U}(Slxl + ll? e sSnXn + l'l))
for all indices j and arbitrary elements s; € U(k) whenever d >dy and ,cy® (ic

[1,n]).

Proof. If d is large enough, then {Uj(x1,...,%x)}; € M<4(@). On the other hand, it is
clear that u? N M(a) C M(a@)\M <4(a). Therefore, for such natural numbers d the mono-
mials U(sixi,...,8,X,) Will survive in the canonical k-linear expansions of Uj(s1x; +
I1,...,8a Xy + I,), tespectively. Hence the claim. [

Now we complete the proof of Lemma 2.12 as follows. We know that
Wiyt s ¥n) = G(Yi5--5 ¥n), JELIT
Using Claim 3 we come to the conclusion that
Wi(ct,....ca) = ¥lcr,...,ca),  jEILJ],

providing d is large enough with respect to 7;. In this situation x;— c;x; defines an
element of 1}, say &*. Then (as the proof of Lemma 2.9 shows) g(&*)~! is the desired
element of Kr(fi). O

Step IV: Let k be an algebraically closed field. One knows that if we are given
two distinct algebraic tori (over k) T C T’ then #(T’/T)=oco. Indeed, since k is al-
gebraically closed all tori are divisible. Then so is the quotient group (T//T) and a
non-zero divisible group is infinite.
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Assume k is as above, d is a natural number, 4 is an affine k-algebra and 7 its em-
bedded torus having a stable point. By Lemma 2.11, Kt(d) N t* = 1. Thus, the restricition
of A? to t* is an isomorphism between t* and A@)(r). We put

HD = In(h : Gy.c — GL(ue/1?))

(notation as above).

Lemma 2.13. Let k, A and t be as above. Then h'“Y(t) is a maximal torus of H"
Sor all sufficiently large d € N.

Proof. Assume there is a torus T C H\* strictly containing A¥)(t). Then by the remark
above

HT/HD(2)) = 0.
Therefore,
#(NH;d)(h(d)(f))/h(d)(f)) = 00,

where for an extension of groups 4 C B we let Np(4) denote the normalizer of 4 in
B, ie.,

Np(4) = {becB|b~'4b = 4}.
Clearly, if f:C — B is a surjective group homomorphism, then
ST (Ns(4)) = Ne(f~H(4)).

Therefore, if #(Ne(4)/4) =00, then #(Nc( f~'(4))/f ~1(4)) = oo providing f is sur-
jective.
Applying the above formula to the homomorphism 4“)(z) and using the equality

KT D)) = K,
which is a consequence of the normality of de) in Gy, we get
#(Ng, (KD )/K\D7*) = o0.

(Here we put Ki(d)t* ={g192 | 9 EK,(d), g2€1°})
Let ¢1,42,... be elements of NGM(Kgd)r*) which represent different elements in

Ng, (K )/KDr".
For each i € N we have

KDt = g7 (KD = KD(g7 ' 7 q0).
Put

-1
=g 1°g;.
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Claim 1. For each i €N there exists an embedded torus t; (for A) which has the
same stable point as © and such that t} =t,.

Proof. Assume t1=(S,a), a={ay,...,a,}. We put

g = {g7 (@),-...q7 (a)}.

Then we have the following commutative square:

4 4 A
S7'4 S74

Mg @), (g7 (a)) " —Ha" ..., a].
In other words, we have the embedded torus

T = (8;,d;) C Spec(4)
and the equality

9T =1
By Lemma 2.10 we get

=g 't"q =1

It only remains to show that 7; has the same stable point as 7. But the stable point of
7; is the maximal ideal of 4 generated by ¢; ' (M(a))\{1}, that is,

—1
#‘E, = qi ﬂ‘ta
and we are done because g; € Gy,. O
Let 1; be as above. Because of the equality
KD = KD,

we have A@)(t*) = A@)(1}). So by Lemma 2.12, for each i € N there exists p; € K\?
such that
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providing d € N is sufficiently large with respect to 7. That means g; p; ! €Ng, (")

for each i € N (d as above).

Let us show that g; p;” ! represent different elements in

NG, (T9)/T".

Indeed, if (g; p; 1)(qj pj_l)‘1 € 1* for some distinct i and j, then the inclusions p;, p; €
K and the normality of K in G, . would imply

q:iq; ' €KD",

a contradiction.
Thus having assumed 4‘“)(t) is not a maximal torus in H®, we arrive at the con-
clusion

#(NG, (1%)/7*) = 00.

Now the following claim gives us the desired contradiction.
Claim 2. #(Ng, .(7*)/t*) < oo for any embedded torus .

Proof. By Lemma 2.10 Ng, ,(t*) consists precisely of those k-automorphisms g of 4
for which g*7=1. One immediately sees that the equality g*7 =7 is equivalent to the
requirement: g(x) is of the type sy for any x € M(a), where s€ U(k) and y € M(a).
We define the map

0N, (") — Aur(M(d)),
where Aut(M(a)) is the group of monoid automorphisms of M(a), as follows:

(B(@NX) =y,

where g(x)=sy for x,y, e M(a), s€ U(k).
Straightforward arguments show that @ is a group homomorphism and Ker(®)=1".
Therefore,

N, (T)/t* ~ Aut(M(a)).

Since M(a) has a unique minimal generating set Aut(M(a)) injects into the group of
permutations of this minimal generating set. Hence Auz(M(a)) is finite. O

Step V: Now we are ready to prove Theorem 2.1.

Substep 1. (2) = (b). If RIM]~R[N] and M is normal then N is normal as well
(just pass to some field of coefficients via scalar extension). So we have to show that
if M and N are two finitely generated normal monoids, R is a ring and R[M]~ R[N]
as R-algebras then M ~ N.

Let us show that there exist two finitely generated normal monoids M; and N; only
with trivial units such that M =~ U(M) x M; and N = U(N) X N;.
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Indeed, the normality condition implies K(M )/U (M) is torsion free. Hence U(M) —
K(M) is a split monomorphism (recall that rank(M) < co). Assume

KM)=UWM)a®K,.
Now it is straightforward to show that
UM)x (KiNM)=M

and that X; "M is a finitely generated normal monoid with trivial units. The same
arguments apply to N.
Assume we are given an R-isomorphism

f:RIM] — RIN].

By a scalar-extension we can assume R is a field, say k. Due to the aforementioned
remarks f can be rewritten as follows:

S kUGB)NM] — k[UNV)][M]

for M; and N; as above. One easily shows that
UGIUM)][M])) = U(k) ® UM)

and
U[UN)I[N1]) = U(k) © UN).

(see [11, Theorem 1.11], for instance.)

Since f preserves units we conclude that f restricts to a k-algebra isomorphism
between K[U(M)] and k[U(N)]. Clearly, rank(U(M))=rank(U(N)).

Let R; denote k[U(M)]. Identifying k[U(N)] with R; (via the just mentioned iso-
morphism) we obtain the R;-algebra isomorphism

g:Ri[M] — Ri[N1].
By a suitable scalar-extension we can pass to a kj-algebra isomorphism
hik[M] — ki[N].

for some field k;. By Lemma 2.8 we can assume # is an augmented k;-algebra iso-

morphism. Then (a) implies M; ~N,;. Since we also have U(M)~ U(N) (they both

are free abelian groups of the same rank), we obtain the desired isomorphism M ~N.
Substep 2: (a) = (c). First we have to define homogeneous monoids.

Definition 2.14. A finitely generated monoid M is called homogeneous if M is iso-
morphic to an additive submonoid of R"*! (for some nonnegative integer r) which is
generated by a finite system of clements of the type (x,1) € R™"! where x € Z”.

Clearly, homogeneous monoids have no nontrivial units and the only rank 1 homo-
geneous monoids are those isomorphic to Z,.. The name ‘homogeneous’ comes from
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the observation that for such a monoid M and a ring R the monoid ring R[M] carries
naturally a graded structure where all the minimal generators of M have degree 1.

One easily observes that a monoid M is homogeneous if and only if it is finitely
generated and there exists a codimension 1 hyperplane H in the real space R ® K(M)
that avoids the origin and contains a generating set of M as a set of rational points
in some Euclidean coordinate system of H. Moreover, the mentioned generating set is
automatically the minimal generating set of M.

In the special case, the mentioned minimal generating set of M consists of all lattice
points in some finite convex lattice polyhedron P C H with respect to some Euclidean
coordinate system of H we obtain exactly what was called a polytopal semigroup
in [4].

Here is one more alternative definition of a homogeneous monoid: a monoid M
is homogeneous iff it is finitely generated, has trivial U(M) and the convex hull in
R® K(M) of the minimal generating set of M is a (finite, convex) polyhedron of
dimension rank(M) — 1.

Let M be a homogeneous monoid, {xj,...,x,} be its minimal generating set and P
the aforementioned convex hull. An element x; € {x;,...,x,} will be called extremal
if it is a vertex of P.

Lemma 2.15. Let k be a field and M and N two finitely generated monoids. Assume
k[M]=k[N] and M is homogeneous. Then U(N)=1 and k[M]=~ k[N] as augmented
k-algebras.

Proof. Assume
[ k[N] — k[M]

is a k-algebra isomorphism. This isomorphism can be extended to the normalizations
of the domains £[M] and £[N]. But it is an immediate consequence of the general
property of normalizations, we mentioned in the beginning of the section, that

k[M] = k[M]
and
k[N] = k[N1],

where the bar refers to the appropriate normalization. Now by Lemma 2.2 both M and
N are finitely generated normal monoids (clearly, with only trivial units). For a monoid
L, which is finitely generated and has not non-trivial units, we let gen(L) denote its
minimal generating set. Observe that homogeneuity of M implies

gen(M) C gen(M).

By Lemma 2.7, M\ f(¥) is a free submonoid of M each basic element of which splits
M, where f is the aforementioned extension of f and ¥ is the augmentation ideal of
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k[N] (with respect to the monoid N). Obviously,

gen(M\ f(¥)) C gen(M).

Easy arguments ensure that any element of gen(M\ f(#)) is a generator of a submonoid
of M corresponding to some edge of C(M). But C(M )= C(M). These remarks imply
that gen(M\ f(7)) is a subset of all extremal elements in gen(M ). Therefore, M\ f(v)
is a free submonoid of M each basic element of which splits M. Now the same
arguments as in the proof of Lemma 2.8 show that there is an augmented k-algebra
homomorphism g:k[M] — k[N]. O

After Lemma 2.15 the implication (a) = (b) becomes obvious.

Substep 3: Here we prove the claim (a).

Let R, M and N be as in Theorem 2.1 (a). By a suitable scalar extension we can
pass to a k-algebra isomorphism

£ k[M]— k[N]

for some algebraically closed field of infinite transcedence degree over its prime sub-
field.

Put A=k[N]. Let @a={a,...,a,} and b={by,...,b,} be two arbitrary basis’ of
the free abelian groups K(N) and K( f(M)) respectively (considered as multiplicative
subgroups of the field of fractions of 4).

In this situation we are given the two embedded tori in Spec(4)

7, =(N,a)
and

1 =(f(M),b).

That f is augmented precisely means 7; and 7, have the same stable point, say pu.
Let d > 2 be a natural number and let Héd) denote the subgroup of Hr(ld ) (=H1(2d ))
generated by 4@ (1) and A“)(1;) (notation as in Step IV). As remarked just before
Lemma 2.13 A@)(t,) and #“)(t,) are two r-dimensional tori in GL(u/u?).

Claim. #9 (1)) and K9(t;) are algberaic tori in GL(u/u®).

Proof. Let t be any embedded torus in Spec(4) with a stable point v. We will show
that 4““)(1) is an algebraic torus in GL(v/v?) (for any natural number d > 2). We know
that v/v¢ can be thought of as the k-linear subspace of 4 spanned by M_4(¢), where
we put 7= (S,&). Using Lemma 2.9 we see that in this basis A“)(7) consists of diag-
onal automorphisms of GL(v/v?). Fixing the mentioned basis we fix the corresponding
identification

GL(v/v*) = GL,.(k)
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for m=#S_4(¢). In this way the group A‘)(tr) is identified with a subgroup of
diag, (k)= T.
The homomorphism K? .1 - T, can be written up explicitly. Assume

M@ ={x1,-. . Xm}
for some monomials
xi=c]'cfr, ie[l,m],
where we assume ¢ = {ci,...,c,}. Then A? is given by

(él,---,ér)’_’ (é[pll o flr,”',élp’"l .,,éfmr).

We, in particular, see that B? is an algebraic map. We know also that D s injective.
Hence the claim. [

Now to complete the proof of Theorem 2.1 (a) we need the following fact.

Proposition 2.16. Any pair of connected algebraic subgroups of an algebraic group
generates a closed (and connected) subgroup.

Proof. This proposition is a special case of Proposition 7.5 in [19]. O

Returning to our situation we conclude from Proposition 2.16 that Héd) is Zariski
closed in GL(y/p?). By Lemma 2.13 the two tori A¥(t() and 4“)(1,) are maximal
in H,(Id) (=Hf(zd )) whenever d is sufficiently large. Therefore, they are maximal
in Héd). But by Borel’s Theorem all maximal tori in a linear algebraic group
are conjugate [19, Corollary 21.3(A)]. So for d large there exists yeHéd) such
that

7 Dy = HO(z).
Assume y= hg‘f)(g) for some g € G4, and consider the subgroup
g 119 C Gyry

As in Claim 1 in the proof of Lemma 2.13, there exists an embedded torus 9 = (S,¢)
in Spec(4) for which

* __ _—1_x*
To=9 U9

and which has the same stable point as 7). We have A9 (79)=h“)(1;). On the other
hand, by Lemma 2.10 (c) the two monoids M(¢) and M(&) are isomorphic. Simulta-
neously, by Lemma 2.12 there exists g; € G4, such that

-1 x __ _*x
g wg=1,-
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Then again by Lemma 2.10 (c) the two monoids M(¢) and M (b) are isomorphic. Thus,
finally, we have

M=~ f(M)=M(b)~M{&)~=M(@)=N.

Comments 2.17. (a) Lemma 2.8 is equivalent to the claim in Step 3 of [9]. However
the proof as presented in [9] is ‘spurious’ (Math. Rev. 84f: 36). Our arguments via
divisor class groups are completely different.

(b) As mentioned in the introduction we use GL(u,/u’) instead of Demushkin’s use
of GL(u./u?). The point is that the arguments in the proof of Lemma 2.12 applied to
GL(u./u?) would only show that 77 and 73 are conjugate in G4 by an element g which
implies the k-linear transformation of y,,/u2 that corresponds in the basis {x1,...,%,}
to the matrix diag(c,,...,c,) (notation as in the proof of the mentioned lemma). But
it is by no means clear that x; — c;x; defines an element of t} (as one actually has
for d sufficiently large). We do not know whether it can be shown independently that
the conjugating element g can actuaiiy be chosen from Kif) (=K,(22 )). Recall that we
need the inclusion g€ K in order to show that A@)(z) is a maximal torus of H?.

(¢) We have changed Demushkin’s arguments in the first part of the proof of
Lemma 2.12 as well (the previous ones seemed non-convincing).

(d) Step IV here is essentially equivalent to Steps 4 and 8 in [9] modulo corrections
of several ‘inessential improperties” (Math. Rev. 84f:36).

(e) Demushkin claimed in [9, Step 5] that for any embeded torus t having a stable
point u, the subgroup H® ¢ GL(u./12) is a (Zariski) closed subgroup. It is just men-
tioned in [9] that this directly follows from looking at the relations between generators
of the monoid M (&) (we assume 7 =(S,a)). But it is our opinion that this claim is not
clear at all! (This is not clear equally for any natural d.) Moreover, it is precisely the
description of H® in the terms close in spirit to ‘looking at the relations in a monoid’
for the special case of rank 2 monoids that constitutes the most difficult and lengthy
sections in [18]. (As a result there is obtained certain information in [18] on the group
of k-algebra automorphisms of k[M] for the 2-dimensional case and this information
suffices to settle the special case of the isomorphism problem for rank 2 monoids.)
It should also be mentioned that the present proof of the general case avoids any ref-
erence to the structure of the automorphism group of A[M]. The point here is that this
approach needs closedness in GL(u./u’) of only the subgroup of H@ generated by
certain pair of algebraic tori, and here general arguments (Proposition 2.16) work, I
am grateful to B. Totaro for drawing my attention to this observation.

(f) From the point of view of the comments above it is natural to ask the following
two questions:

Question 1: Assume we are given a finitely generated monoid M with U(M) trivial
and a field £. Let {xi,...,x,} be the minimal generating set of M and g: k[M] — k[M]
be a k-algebra automorphism such that g(x;)=c;x; + m; for some ¢; €k\ {0} and
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m; € y? (i €[1,n]), where y is the maximal ideal of k[M] generated by M\ {1}. Is it
true that x| ...xi» =x{"...x» implies ¢}'...cé =c]'...ch (un,... Un V1 ..., 0, EZ)?

Question 2: Is the subgroup HP ¢ GL(p./u?) a (Zariski) closed subroup? (Notation
as in (e).)

The reader can easily observe that the both questions have positive answers in the
special case of homogeneous monoids.

3. Application to discrete Hodge algebras

Let R be a (commutative) ring and Xi,...,X,, be variables. An ideal I C R[X1,...,
X, which is generated by a system of monomials (i. e., of those of the type X[ ... X3,
a; €Z.), is called a monomial ideal. A discrete Hodge algebra is defined as an algebra
of the type R[X1,...,Xn]/I, where I is a monomial ideal (De Concini, et al. [8]).

Theorem 3.1. Let R be a ring and {Xi,..., X}, {Y1,...,Ya} be two collections of
variables. Assume I CR[X),...,Xn] and J CR[Y,...,Y,] are monomial ideals such
that {X1,...,Xu} NI=0, {X,....Y,}NJ =0 and

R[Xi,...,Xn]/I=R[Yy,..., V,)/J

as R-algebras. Then m=n and there exists a bijective mapping
@Z{X],...,Xm}——){yl,...,Ym}

transforming I into J.

Theorem 3.1 has the following equivalent formulation.

Theorem 3.2. Let R, X;, Y;, I and J be as above and
R[X1,...,.Xn]/I=R[,..., V,1/J

as R-algebras. Then m=n and there exists a bijective mapping

[@1: X1, [Xm]} = {[N],..., [Yml}

which gives rise to an R-algebra isomorphism between the two discrete Hodge algebras
RIXy,....Xn1/1 and R[Y\,...,Y,1/J, where [X;] and [Y;] refer to the corresponding
residue classes.

In the proof we shall need the following:

Lemma 3.3. Let A be a commutative ring and X be a variable. Assume [ C A[X],
B#£A[X], is an ideal generated by a system of ‘non-pure’ monomials, ie. f is
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generated by elements of the type aX? for some acA and d€Z,. If the residue
class [X] of X in A[X]/B is a non-zero-divisor, then B is generated as an ideal by
a=ANp.

Proof. We have to show that 8 C a4[X]. That means we have to show aX? € ad[X]
whenever aX¢ € B. But if aX“ € f then [a][X]¢ =0 and by the condition that [X] is
not a zero-divisor we get [a]=0, i.e. a€«a ([a] refers to the corresponding residue
class). O

Proof of Theorem 3.1. Using the ‘scalar extension trick’, without loss of generality,
we can assume R is a field (integral domain for the arguments below would actually
suffice).

Assume

fiRIX,.... Xul/I—RI[Y,..., Y1/

is an R-algebra isomorphism. Any element ¢ € R[Y1,...,Y,] admits a unique canonical
presentation as an R-linear form of ‘pure’ monomials in the ¥; outside J. We let ¢(0)
denote the constant term (the term of degree 0) of this expansion. Now, we put

{in,.. i} ={1 < i < m|(f([X:]))(0) # O}.

In this situation the elements f([X]1),...,f([X;]) are not zero-divisors of R[Yj,...,
Y,]/J. Since f is an isomorphism the elements [Xj ],...,[X;] themselves are not zero-
divisors in R[X,...,X,x]//. By (an iterated use of) Lemma 3.3 we then easily conclude
that the ideal I is generated by the intersection

Therefore there exists a system of pure monomials in X;, i ¢ {if,...,i} that generates /.
Hence, we can write

RIX1, ... . Xnl/l =A/D[X,,. ... X, ],

g:R[Xl,aXm]/I__)R[XlaaXm]/I
induced by

Xiy = Xy — (S(Xi))O0),

X — X — (f(/Ylk))(O)
Then the R-algebra isomorphism

fg:R[Xla'"5Xm]/1—)R[Y17~-~aYn]/J
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will be an isomorphism of augmented R-algebras, where we endow the two discrete
Hodge algebras the augmented R-algebra structures induced by

[Xi]—0, ie[l,m]
and
[Y;]—0, jel[l,n],

respectively. Denote the corresponding augmentation ideals by u and v, respectively.
Since R[Xj,...,X;,]/I carries the graded R-algebra structure determined by

deg([X;])=1, i€[l,m]
(and similarly for R[Yy,..., ¥,]/J), we arrive at the (bottom) graded R-algebra isomor-

phism

gr,RIX,,. ..., X, 1/I) g gr,(RLY,,. .., Y,)/T)

Since
{Xi,.. s X} NI=0={Y1,..., Y} NJ,

there exists a unique graded R-algebra isomorphism # fitting in the commutative square
with canonical horizontal epimorphisms.

RIX,,. ... X,] RIX,.... X,/
h gr(fg)
R[Y,...,Y] ————— R[Y,,..., Y, )/J.

This square, in-particular, immediately implies m =n.
Now for each natural number d we let I; and J; denote the ideals generated by

TUXY . X060 2> 0,81+ + S =d}
and
JU{YI‘SI ,..Y’z"'|5j > 0,8, +...+5m=d},

respectively.
Clearly, if

RXi,.... Xpl/I=R®A, ®Ar & -
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and
RlYi,...,Ym]/I=R®B,®B,®---

are the corresponding graded structures then
RIXy,.... %)/ li=RDA D - DAy 1 D0DOD - -

and
RY1,...,Yn]/Js=R®B, D - - ®B;_1 2000 ---

(with right-hand sides considered as graded algebras in the obvious way). From these
observations it follows that for each d € N we have the commutative diagram

0 — I, R[X,,.. .. X,] R[X,,.... X, VI, 0
0 - J, - R[Y,,....Y,] RIY,.. Y], ——0

with exact rows and vertical R-algebra isomorphisms, where I; and J; are considered as
R-algebras without units and the last two vertical maps are homomorphisms of graded
R-algebras (deg(X;) =1=deg(Y;) and deg([Xi]) =1=deg([Y;)]).

We let My denote the multiplicative monoid of all those pure monomials in the X;
which belong to Iy. Ny is defined similarly with respect to J;. The monoid algebras
R[M,] and R[Ny] will be identified with the corresponding monomial subalgebras of
R[Xi,...,X,] and R[Yi,...,Ys), respectively. Since R[M;] is a minimal (universal)
unitary R-algebra containing I; and R[N,] is that containing J;, we have R[M,] ~ R[N,4]
as augmented R-algebras.

Claim. M; and N; are finitely generated monoids for all natural number d.

Proof. K(M;) is the free abelian group of all Laurent monomials in the X;. Since
X1d ,...,X,‘,f € My the cone C(My), spanned by M, in R™, is the standard positive rect-
angular cone (we identify R ® K(M,) with R?). Hence by Gordan’s lemma (Lem-
ma 2.2) M, is finitely generated.

The same arguments apply to Ny. [

Remark 3.4. Observe that the multiplicative monoid of all pure monomials in I needs
not be finitely generated, that is the R-subalgebra of R[X],...,X,] generated by R and
I is not in general finitely generated, despite the fact that 7 is always finitely generated
as an ideal.

We continue the proof of Theorem 3.1.
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The claim above and Theorem 2.1 (a) imply M;~N; as monoids for all d € N.
Since

Xy s Xm €K(My)

and
N,....Ym € K(Ny),

we easily conclude that for each natural number & there exists a bijective mapping
0::{X,.... %} —={11,..., m},

which transforms M; into Nj.
There exists an infinite strictly increasing sequence

di<d, < -
such that
O =64="---.

Put ® = 0,,. Then O transforms M, into Ny, for all £ € N. Therefore, @ transforms
Miey My, into N2, Ny, It only remains to observe that

x>
(\ My, =M
k=1
and
oo
(Y Ne, =N,
k=1

where M and N are the multiplicative monoids of all pure monomials inside I and J,
respectively, This clearly finishes the proof. O

Example 3.5. Let ¥ and # be two finite sets and Ay and Ay be two abstract simplicial
complexes on the vertex sets ¥ and W, respectively. Assume £ is a field and consider
the two Stanley-Reisner rings k[4y] and k[4w] (see [5, Ch. 5] for the definitions). If
k[Ay ]~ k[Aw] as k-algebras, then there exists a bijective mapping V' — W transforming
Ay into Ay. This directly follows from Theorem 3.2, and this special case of the
‘isomorphism problem for discrete Hodge algebras’ is considered in [3].

Example 3.6. Assume V', W, Ay, Ay and k are as in the previous example. Put
{4y} =k[4v)/({PlveV})
and

k{ 4w} = k[4wl/ ({W*|lw e W}),
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where we identify the vertices with the corresponding elements in the Stanley—Reisner
rings.
Jirgen Herzog asked whether

k{AV} ~ k{Aw}
as k-algebras implies
AV ~ AW

(the latter isomorphism meant in the sense of the previous example). Theorem 3.1
gives the positive answer to this question as well.
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